Abstract: A robust recurrent-neural-network (RRNN) sliding-mode control is proposed for a biaxial motion mechanism to allow reference contour tracking. The biaxial motion mechanism is a X-Y table of a computer numerical control machine that is driven by two field-oriented control permanent-magnet synchronous motors. The single-axis motion dynamics are derived in terms of a lumped uncertainty that includes cross-coupled interference between the two-axes. A RRNN sliding-mode control system is proposed based on the derived motion dynamics to approximate the control obtained by using sliding-mode control and the motions at the X-axis and Y-axis are controlled separately. The motion tracking performance is significantly improved using the proposed control technique and robustness to parameter variations, external disturbances, crosscoupled interference and frictional torque can be obtained as well. Experimental results on circular, four-leaf, window and star reference contours are provided to show that the dynamic behaviour of the proposed control system is robust with regard to uncertainties.
Introduction
Recurrent neural networks (RNNs) [1 -8] containing both feedforward and feedback connections have been extensively used to model and control complicated dynamic systems. Since a recurrent neuron has an internal feedback loop that is able to capture the dynamic response of a system without recourse to external feedback through delays, RNNs have superior capabilities to those of feedforward neural networks. RNNs have the ability to deal with a time-varying input or output due to their own natural temporal operation [2] . Therefore, RNNs are a dynamic mapping of the system and demonstrate a good control performance in the presence of unmodelled dynamics, parameter variations and external disturbances [3, 7, 8] . In [7] , a three-layer RNN is adopted as a compensator to reduce the influence of parameter variations and external disturbances of a permanent-magnet linear synchronous motor (PMLSM) servo drive system. Although a dynamic backpropagation algorithm is developed to train the RNN on-line using the delta adaptation law, the stability of the RNN control system is not proven. An adaptive hybrid control system using a three-layer RNN is proposed in [8] to control a PMLSM servo drive system. In this adaptive hybrid control system, the RNN controller is used as the main tracking controller which mimics an optimal control law, and a compensated controller is developed that compensates the difference between the optimal control law and the RNN controller. Moreover, an on-line parameter training methodology for the RNN, which is derived using the Lyapunov stability theorem and backpropagation method, is proposed to guarantee the asymptotic stability of the control system. In addition, to relax the requirement for bounds on the minimum approximation error and Taylor high-order terms, two simple adaptive algorithms are utilised to estimate these bounds. However, some adaptation laws of the parameters in the RNN are computed using the backpropagation algorithm.
Computer numerical controlled (CNC) machines have become important elements in modern manufacturing systems [9 -11] . CNC machines generally can be divided into two parts: (i) mechanical parts with servo drive systems; and (ii) servo controllers that control the multiaxis motion of the mechanical parts. In general, a CNC machine contains an X-Y table with a z-axis motion mechanism with each motion axis being driven by an individual actuator system, such as a DC or AC motor. This structure usually leads to the existence of unmodelled dynamics, coupled interferences, unmeasured friction, and disturbances, which often significantly deteriorate the system performance during a machining process [9] . Many studies that attempt to improve the tracking performance in a machining process by improving the control performance have been reported in the literature [12 -14] . The stability of a CNC machine with an output time-delay and measurement error was studied in [12] . The phase margin and frequency response were used in the controller design to determine the regions of system stability. However, cross-coupled dynamics, load-torque disturbances and uncertainties in the movement mechanism of each individual axis were not considered in the stability analysis. However, the dead-zone nonlinearity due to the mechanical motion system was compensated for using an adaptive fuzzy controller [13] . From the results presented in [13] , it is obvious that the dead-zone nonlinearity could be effectively compensated, however, the linear state-feedback control used for the position tracking control was designed without consideration of robustness. Nonlinear friction compensation based on single-axis motion dynamics was presented in [14] that utilised the cross-coupled effect of the X-Y table. The nonlinear frictional force created by an integrated disturbance load-torque was represented by an approximated nonlinear function. Then a compensator design was presented using the input-output relations of this nonlinear function. Unfortunately, robustness to variations in the system parameters was not simultaneously considered in the compensator design.
Studies to obtain control system robustness and a good performance in the tracking control of a CNC machine have been presented in [15 -21] . In [15] and [16] dynamic filters with robustness to system parameters variations were adopted to compensate for the disturbance loadtorque. However, the time constant of the filter must be chosen by experimentally considering the disturbance rejection zone in the frequency domain and the relative degree of the designed filters must be chosen so as to avoid differential operation in the control design. A variable structure control approach for the speed control-loop and a PI-type control for the position control-loop were presented in [17 -19] . Thus, the overall tracking performance was solely restricted to the position control-loop. Position controllers with parameters tuned by learning algorithms have been presented in [20] and [21] . In [20] a neural controller was presented and a neutral-like controller was presented in [21] . However, only system parameter variations were considered in [20] and only the accuracy of position tracking was analysed in the parameter tuning of the control design in [21] .
It is well known that sliding-mode control has the property of a strong robustness to uncertainties when a system is controlled on a sliding surface. However, there exists a switching function in the control design that always results in unwanted excitations in the high-frequency domain of the control system. To keep the advantage of the robustness of sliding-mode control whilst eliminating the disadvantage of high-frequency switching for systems, in this study a robust RNN (RRNN) sliding-mode control system is proposed to control a biaxial motion mechanism in a CNC machine so that it is able to track various reference contours. The biaxial motion mechanism is a X-Y table directly coupled to the rotors of two fieldoriented control PMSMs through ball screws. The single axis dynamics of the field-oriented control PMSM will be considered in terms of a lumped uncertainty, which includes parameter variations, external disturbances, cross-coupled interference and friction torque. Then, using this representation of the dynamics, a RRNN sliding-mode control will be prepared that is based on computed-torque control to approximate the sliding-mode control with an integral switching surface. A RNN will be used to estimate a nonlinear function in which the lumped uncertainty is included. Also, a computed-torque controller will be designed to let the motion control reach the ideally equivalent control of the sliding-mode. In addition, a robust controller will be proposed to deal with the uncertainty term, which includes the minimum approximation error and high-order terms in the Taylor series. An adaptive law will be used to estimate the value of the uncertainty in the robust controller according to the sliding surface function. Additionally, to show the improvement of the control performance of the proposed RRNN sliding-mode control system, the RNN will be used as the main tracking controller to control the X-Y table.
2
Modelling of the single-axis mechanism in a CNC machine
The machine model of the field-oriented control PMSMs in a CNC machine can be described in a synchronous rotating reference frame as follows [22, 23] :
where
where i ¼ x, y (x and y denote the axis), n di , n qi are the d-q axis voltages, i di , i qi are the d-q axis currents, R si is the phase winding resistance, L di , L qi are the d-q axis inductances, v ri is the rotor speed, v si is inverter frequency, l PMi is the permanent-magnet flux linkage, n pi is the number of primary pole pairs and p denotes the differential operator. The electric torque is:
With the implementation of field-oriented control, the electric torque can be simplified as follows [23] :
where K ti is the torque constant, i Ã qi is the q-axis torque current command, L mdi is the d-axis mutual inductance; I fdi is the equivalent d-axis magnetising current. Thus, the single-axis motion dynamics can be formulated as:
where J i is the moment of inertia, B i is the damping coefficient, T Li is the external disturbance term including crosscoupled interference, T fi (v i ) is the frictional torque, v i is the linear velocity of the X and Y axes. Considering Coulomb friction, viscous friction and the Stribeck effect, the frictional torque can be formulated as follows [24, 25] :
where F Ci is the Coulomb friction, F Si is the static friction, v si is the Stribeck velocity parameter, K vi is the coefficient of viscous friction, and sgn( . ) is a sign function. All the parameters in (10) are time varying. A curve-fitting technique based on the step response of the rotor position is applied to find the model of the drive system. The major system parameters are: The overbar symbol represents the system parameter in the nominal condition. Although the electrical torque can be simplified as in (7) using field-oriented control, considering variations in system parameters and external nonlinear and time-varying disturbances including the frictional torque, the PMSM servo drive system is a nonlinear time-varying system in practical applications.
RRNN sliding-mode control
A RRNN sliding-mode control system is proposed in this Section to control the motion of the X-Y table of a CNC machine. The X-axis and Y-axis motions are controlled separately. The configuration of the proposed RRNN slidingmode control system for a single-axis PMSM for the X-Y table is depicted in Fig. 1 . Each axis of the X-Y table, which is driven by a field-oriented control PMSM servo drive system, can be formulated by rewriting (7) and (9) as follows:
where u r is the rotor angle,
is the control effort, i.e. the torque current command. Now, if we assume that the parameters of the system are well known and that the external disturbance, the cross-coupled interference and the frictional torque are absent, then the nominal model of the PMSM servo drive system can be written as:
where A n is the nominal value of A p and B n is the nominal value of B p . If uncertainties occur, i.e. the parameters of the system deviate from their nominal values or external disturbances occur, then cross-coupled interference and frictional torque are added to the system and the dynamic equation of the control system is modified to:
where C n is the nominal value of C p , DA, DB and DC denote the uncertainties, and D(t ) is called the lumped uncertainty and is defined as:
Here, the bound of the lumped uncertainty is assumed to be known, i.e.:
where r is a given positive constant. A RRNN sliding-mode control system is now proposed to deal with these unpredictable uncertainties in the PMSM servo drive system. The control problem is to find a control law so that the state u r (t) can track the desired command u m (t). To achieve this control objective, defined the tracking error e(t) ¼ u m (t) 2 u r (t), in which u m (t) represents the motion command of each axis. Now, a sliding surface is defined as:
where l is a positive constant. Since S(t) ¼ 0 when t ¼ 0, there is no reaching phase as in traditional sliding-mode control [26] . Differentiating S(t) with respect to time and using (15) , it can be shown that:
In the design of the sliding-mode control system, first the ideal equivalent control law U eq (t), which determines the dynamics of the system on the sliding surface, is derived. The ideal equivalent control law is derived by recognising that:
Substituting (19) into (20), then:
Solving (21), one can obtain that: Thus, given Ṡ(t) ¼ 0 the dynamics of the system on the sliding surface for t ! 0 are given by:
The choice of a suitable value for l means that the desired system dynamics such as the rise-time, overshoot and setting-time can be easily designed by using this secondorder system. However, if the system parameters are perturbed or unknown, the ideal equivalent control law cannot guarantee the performance specified by (23) . Moreover, the stability of the controlled system may be destroyed. To ensure the stability of the uncertain system dynamics, a RRNN sliding-mode control system based on a computed-torque control design is described in the following Sections.
Computed-torque control design
According to (18) , (19) and (21), the ideal equivalent control law shown in (22) can be rewritten as follows:
where the nonlinear function W is defined as:
The computed-torque control law is designed as follows to approximate the ideal equivalent control law:
in which u(t) is an auxiliary control input. Substituting (26) into (24) , the closed-loop system becomes:
n A n SðtÞ þ uðtÞ ð 27Þ
In the computed-torque control, a proportional-integralderivative controller is designed to be the auxiliary control input u(t), i.e.:
where K S , K P and K I are the control gains and positive constants. If the K P and K I are chosen as follows:
and substituting (29) into (28), then:
According to (30), the closed-loop system (27) can be rewritten as:
Define a Lyapunov function as of the form:
Differentiating (32) with respect to time and substituting (31), one can obtain:
A n 2 K S )S(t) 2V 1 and integrate function G 1 (t) with respect to time:
Since V 1 (S(0)) is bounded and V 1 (S(t)) is nonincreasing and bounded, the following result is obtained:
Also, Ġ 1 (t) is bounded. Therefore, by Barbalat's lemma [26] , it can be shown that lim t!1 G 1 (t) ¼ 0. That is, S(t) ! 0 as t ! 1. As a result, the computed-torque control design is stable. Moreover, the tracking error of the control system will converge to zero according to S(t) ! 0.
RRNN design
In (25), the nonlinear function W contains the effects of the uncertainties including mechanical parametric variations, external disturbances, cross-coupled interference and frictional torque. Since the parameter variations of the system are difficult to measure and the exact value of the external disturbances, cross-coupled interference and frictional torque are also difficult to know in advance for practical applications, the control law shown in (26) cannot be implemented practically. Therefore, a computed-torque controller is proposed in the following to approximate the nonlinear function W:
U ðtÞ ¼Ŵ À uðtÞ ð 36Þ
where an intelligent controller Ŵ is used to learn the nonlinear function W and is defined as:
where Ŵ RNN is an RNN and U R is a robust controller. The Ŵ RNN is used to learn nonlinear equation W due to the uncertain system dynamics and the robust control U R is designed to compensate the difference between W and Ŵ RNN . A three-layer RNN, shown in Fig. 2 , consisting of an input, a hidden and an output layer with a Gaussian function as the activation function of the neuron in the hidden layer is adopted in this study. It can be represented in the following form: 
where N is the number of iterations, v ik is the centre of the Gaussian function, d ik ¼ 1/s ik is the inverse radius of the Gaussian function and s ik is the width of the Gaussian function, r k is the internal feedback gain of the kth neuron in the hidden layer. The weights between the input layer and the hidden layer are set to be one. It has been shown in [27] that an RNN exists such that it can uniformly approximate a nonlinear, even time-varying function. According to the universal approximation property, there exists an optimal RNN controller W Ã RNN to learn the nonlinear function W such that
where 1 is the minimum reconstructed error; d Ã , v Ã and r Ã are optimal parameters of d, v and r in the RNN. Rewriting (37), one can obtain:
where d, v, r and F are estimates of the optimal parameters as provided by adaptation algorithms to be introduced. Subtracting (41) from (40), an approximation error W is defined as:W
In this study, a control methodology is proposed to guarantee the closedloop stability and perfect tracking performance and to tune the network parameters of the RNN on-line. To achieve this goal, a linearisation technique is employed to transform the nonlinear RNN functions into a partially linear form to obtain the expansion of Q in a Taylor series: 
where Q ¼ Q Ã 2 Q , Q Ã is the optimal parameter of Q, Q is the estimated parameter of Q Ã ,
is a vector of higher-order terms. By substituting (43) into (42), it is revealed that:
According to (24) , (27) , (30), (36), (42) and (44), the dynamic equation can be represented as:
Theorem 1: Consider the field-oriented control PMSM servo drive represented by (15) . If the computed-torque controller is designed as in (36) then the auxiliary control law is designed as in (28) and the intelligent control law is designed as in (41), in which the adaptation laws of the RNN are designed as in (46) -(49) and the robust controller is designed as in (50) with an adaptive estimation algorithm shown in (51), then the stability of the controlled system can be guaranteed: where H (t) ¼ H 2 Ĥ (t) denotes the estimated error. Differentiating (52) with respect to time and using (45), one can obtain:
If the adaptation laws of the RNN are chosen to be (46) -(49) and the robust controller is designed as (50) with the adaptive estimation algorithm (51), then (53) can be rewritten as: 
is nonincreasing and bounded, the following result is obtained:
Also, Ġ 2 (t) is bounded. Therefore, by Barbalat's lemma, it can be shown that lim t!1 G 2 (t) ¼ 0. That is, S(t) ! 0 as t ! 1. As a result, the proposed control system is stable. Moreover, the tracking error of the control system will converge to zero according to S(t) ! 0. A
Experimental results

Contour planning
Contour planning plays an important role in the control of the X-Y table. In this study, circular four-leaf, star and also window contours are used to show the control performance of the proposed RRNN sliding-mode biaxial motion control system. Contour planning is generally used for two-dimensional motion control, however, in practical applications the motion commands of the X-axis and Y-axis are always designed individually. The contour planning of various contours are described in the following paragraphs. The circular contour in Fig. 3a can be described as follows:
where i is the number of samples. Dw is the variation value of the angle, R is the radius of the circle, X i is the motion command of the X-axis; Y i is the motion command of the Y-axis. According to the contour function shown in (57), a circular contour can be generated by the accumulation of the angles as a function of time. Moreover, the feed rate can be changed with the value of Dw.
The four-leaf contour is shown in Fig. 3b in which the motion can be divided into five parts. Trajectories a-e can be described as follows: trajectory a: (w i : 3p/4 ! p/4):
trajectory b: (w i : 2p/4 ! 25p/4):
trajectory c: (w i : p/4 ! 23p/4):
trajectory d: (w i : 3p/4 ! 2p/4):
trajectory e: (w i : 23p/4 ! 25p/4):
where (O xj , O yj ), j ¼ 1 to 4, is the centre of each circle, moreover, w i ¼ w i21 þ Dw. The feed rates of various trajectories also can be changed with the value of Dw. According to the contour function shown in (58) -(62), the four-leaf contour can be generated by the accumulation of the angle as a function of time.
The star contour is shown in Fig. 3c and can be divided into six parts. The trajectories a-f can be described as follows:
where G is a constant and the feed rates of the various trajectories can be changed with the value of G. The window contour is shown in Fig. 3d and can be divided into nine parts. The trajectories a -i can be described as follows:
trajectory b: ðw i : 5p=4 ! 2pÞ:
trajectory f : ðw i : p=2 ! pÞ:
trajectory h: ðw i : 0 ! p=2Þ:
where G is also a constant and the feed rates of the various trajectories can be changed with the value of G. According to the contour functions shown in (69) -(77), the window contour can be generated by the accumulation of the angle as a function of time.
Performance measures
To show the improvements of the control performance made possible by use of the proposed RRNN slidingmode control system, the three-layer RNN mentioned in Section 3.2 is also used as the main tracking controller to control the X-Y table to allow for comparisons to be made. The network structure of the RNN controller is chosen to be the same as the RNN in the proposed RRNN sliding-mode control system but with different learning rates. To measure the performance of the RNN and RRNN sliding-mode control systems, the maximum tracking error e max , the average tracking error m and the standard deviation of the tracking error T S for the contour tracking 
The comparison of the control performance can be easily shown using the average tracking error. Moreover, the oscillation of the contour tracking can be measured in terms of the standard deviation of the tracking error.
Experimentation
The learning rates and control gains of the proposed RRNN sliding-mode controller are: 
The learning rates of the RNN controller for both axes are the same and are:
To show the effectiveness of the RRNN sliding-mode control system using a small number of neurons, the RNN has two, ten and one neurons at the input, hidden and output layers, respectively. In addition, the initial values of all the weight are used in the process of initial formation [28] . Therefore, the network parameters of the RNN are well trained before experimentation. The block diagram of the CNC system for the X-Y table is shown in Fig. 4 . A personal computer (PC) is at the core of the CNC system. The PC includes an AD/DA card with multi-channels of ADC, DAC and PIO and a motion control card. The X-Y table is driven by two MR-J2S servo motor drives and two HC-MFS43 PMSMs manufactured by Mitsubishi. The rated output power, torque, speed and current of the adopted PMSM are 400 W, 1.3 Nm, 3000 rpm and 2.8 A, respectively. Moreover, the X-Y table, with a 4 mm-screw pitch and a 215 mm travel for the X-axis and a 118 mm travel for the Y-axis, is directly coupled to the rotor of the respective PMSM. Furthermore, the servo motor drives are set in the torque mode and the resolution of the encoders is set to 1 mm. The proposed RRNN sliding-mode control system is realised in the PC using the 'Visual BASIC' language. The methodology proposed for the implementation of the real-time control system consists of a main program and a control subroutine. In the main program the parameters and the input/output (I/O) initialisation are set. The control subroutine, with a 1 ms sampling rate, is used for the encoder interface and execution of the control algorithm. The control subroutine first reads the rotor positions of the two PMSMs from the encoders of the motion control cards. It then calculates the motor speeds and the torque commands i qx Ã , i qy Ã using the proposed RRNN sliding-mode control algorithm, and then sends the calculated commands to the X-axis and Y-axis motor servo drives via DACs.
In the experiments, first, the three-layer RNN is used as the main tracking controller to control the X-Y table. The experimental results of the tracking responses of the X-Y table, the respective response, tracking error and the torque command of the X-axis and Y-axis mechanism using the RNN controller for the circular, four-leaf, star and window contours are depicted in Figs. 5 to 8. The feed rate of the circular contour is 12.6 mm/s. The feed rates of trajectories a-e of the four-leaf contour are all be obtained for all the reference contours. Furthermore, the robust control characteristics of the proposed control scheme with regard to existing uncertainties can be clearly observed. In addition, the maximum torque command current for the tracking of the reference contours is about 1.5 A and the oscillations in the torque command currents are due to the on-line learning of the RNNs.
The performance measures of the RNN and RRNN sliding-mode control systems for the maximum tracking error, the average tracking error and the standard deviation of the tracking error in the tracking of the circlular, fourleaf, star and window reference contours are listed in Table 1, Table 2 and Table 3 respectively. Comparing the results obtained using the RNN controller and the proposed RRNN sliding-mode controller, it can be seen that the maximum tracking error, the average tracking error and the standard deviation of the tracking error for the RRNN sliding-mode controller are much smaller than those of the RNN controller. Therefore, the proposed RRNN slidingmode control system is more suitable to control an X-Y table of a CNC machine when uncertainties occur in the reference trajectories. However, the results obtained for the tracking of the star contour are larger than for the other reference contours due to its sharp angles. Moreover, all the performance measures can be reduced by halving the speed of the present feed rate.
Conclusions
The use of a RRNN sliding-mode controller to control an X-Y table directly driven by two field-oriented control PMSMs so as to track various reference contours has been demonstrated. The principles of the field-oriented control PMSM servo drive have been introduced. The theoretical basis and a stability analysis of the proposed RRNN sliding-mode control system have been described in detail. In the design of the RRNN sliding-mode control system, no constrained conditions or prior knowledge on the controlled plant are required. A RNN was used to estimate a nonlinear function in which a lumped uncertainty for the controlled plant was included. A simple adaptive algorithm has been utilised to adjust the uncertainty term in the robust controller according to the sliding surface. Experimental results on the tracking of various reference contours have been presented which highlight the effectiveness of the proposed control schemes. The major contributions of this study are: (i) the successful derivation of adaptive learning algorithms based on Lyapunov stability for a RNN; (ii) the successful development of a RRNN sliding-mode control system to deal with approximation error and disturbances including cross-coupled interference and frictional torque; (iii) the successful application of the RRNN sliding-mode controller to a biaxial motion control system allowing it to track different reference contours with a robust control performance. 
